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The monotonicity properties of the function
y1 y1 y1
F n s pn q r q 1 q pn q r q 2 q ??? q qn q s .  .  .  .
are determined, where p, q, r, and s are fixed integers such that 0 - p - q and
0 F p q r - q q s. The results extend earlier results of Adamovic and TaskovicÂ Â
 .  .1969 and Simic 1979 for the cases r s s s 0 and r s 0, s s 1. We settleÂ
 .negatively a conjecture of Simic that F n is always monotonic when 0 F r F s.Â
 .The results enable us to obtain sharp bounds for the function F n , a problem
initially raised, in the special case r s 0, s s 1, by Mitrinovic. The analysis usesÂ
 .  .  .properties of the psi function c x s G9 x rG x . However, an elementary proof
 .is also given for the main result of the above-mentioned authors r s 0, s s 1 .
Q 1997 Academic Press
We will be concerned with segments of the harmonic series 1 q 1r2 q
 .  .  .1r3 q ??? . We consider the function F n s H qn q s y H pn q r ,
 .where H m denotes the mth partial sum of this series and p, q, r, s are
fixed integers such that 0 - p - q and 0 F p q r - q q s. Thus
1 1 1
F n s F n s q q ??? q . .  .p , q ; r , s pn q r q 1 pn q r q 2 qn q s
w xAdamovic and Taskovic 2 proved that the functionÂ Â
1 1 1
f n s F n s q q ??? q .  .p , q ; 0 , 0 pn q 1 pn q 2 qn
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is increasing. They also proved that the function
1 1 1
F n s F n s q q ??? q .  .p , q ; 0 , 1 pn q 1 pn q 2 qn q 1
is increasing if q G 3 p and decreasing for all n sufficiently large if q - 3 p.
 .They conjectured that F n is decreasing for all n whenever q - 3 p, but
obtained a proof only in certain cases. Their conjecture was established
w xgenerally by Simic 8 . Simic further conjectured that when 0 - p - q andÂ Â
 .  .  .0 F r F s, the function F n is increasing if 2 r q 1 q G 2 s q 1 pp, q; r , s
and decreasing otherwise. He proved that these assertions hold for all n
 .  . w xsufficiently large, provided 2 r q 1 q / 2 s q 1 p. Pecaric 7 proved thatÏ Â
the function
1 1 1
F n s F n s q q ??? q .  .p , q ; y1, y1 pn pn q 2 qn y 1
w xis decreasing. These investigations stem from a question of Mitrinovic 5Â
 .concerning bounds for the function F n . Indeed it follows from the above
 .  .  .  .results that F n always lies between F 1 and log qrp , while f n lies
 .  .between f 1 and log qrp , and that these bounds are best possible for
 w x.  .given p and q cf. 2, 6 . Likewise the best possible bounds for F n are
 .  .  w x.F 1 and log qrp cf. 7 .
 .In this paper we prove that F n is increasing for all n G 1 when
 .  .l s ps y qr r q y p F 1r2, decreasing for all n G 1 when l G 1, and
unimodal when 1r2 - l - 1, i.e., increasing to a maximum at some n0
 .and then decreasing. This enables us to determine bounds for F n when
1r2 - l - 1. We also give an upper bound for the turning point n . It is0
 .shown that n may be arbitrarily large even when r s 0 , so the conjec-0
ture of Simic does not hold generally. We base the analysis on theÂ
 .  .  .properties of the psi function, c z s G9 z rG z . In view of the formula
 .  .  .F n s c qn q s q 1 y c pn q r q 1 , the differential calculus can be
applied to the problem of monotonicity.
In Section 1 we state the main results and outline the method, while in
Section 2 we establish certain facts concerning the psi function needed in
the proofs. The main results are proved in Section 3. We show in Section 4
how the results of previous authors may be derived from the results of the
present paper. In particular we consider the special case p s 0, q s 1, i.e.,
 . the function F n , and thus deduce the result of Simic proof of theÂ
.conjecture of Adamovic and Taskovic . So far the methods used areÂ Â
w xanalytic, based on properties of the psi function. However, in 2 elemen-
tary arguments were employed, so we also give in Section 4 an elementary
proof of the results of Adamovic and Taskovic and of Simic concerningÂ Â Â
 .F n .
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Further references concerning the results of Adamovic and TaskovicÂ Â
w x w x  .may be found in 2, 6 . In 3 the monotonicity of f n is shown to be a
particular case of a general inequality concerning the means of subsets of
extreme order statistics.
1. MAIN RESULTS
 . nFor positive integer n put H n s  1rk. We consider the functionks1
F n s F n s H qn q s y H pn q r .  .  .  .p , q ; r , s
1 1 1
s q q ??? q ,
pn q r q 1 pn q r q 2 qn q s
where p, q, r, s are integers and 0 - p - q. If 0 F p q r - q q s then
 .F n is defined and positive for all n G 1.
 .The function H n may be expressed in terms of the psi function
d G9 x .
c x s log G x s x / 0, y1, y2, y3, . . . 4 .  .  . .
dx G x .
by means of the formula
H n s c n q 1 q g n s 1, 2, 3, . . . , .  .  .
 w x.where g is Euler's constant see, for example, 1, 6.3.2, p. 258 . We may
 .  .therefore put H x s c x q 1 q g for arbitrary x / y1, y2, y3, . . . ,
and regard
F n s H qn q s y H pn q r s c qn q s q 1 y c pn q r q 1 .  .  .  .  .
as a function of a continuous variable n.
In order to investigate whether F is monotonic, we consider the
derivative dFrdn. We have
dF
s qc 9 qn q s q 1 y pc 9 pn q r q 1 .  .
dn
1 usqnqss u q l c 9 u q 1 , 1 .  .  .uspnqrn y k
where
r y s ps y qr
k s - 1, l s .
q y p q y p
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 .  .It is clear from this formula that if u q l c 9 u q 1 is monotonic from
 .some point on then the same is true of F n . We find that the behaviour
of F depends on the magnitude of l, and in Section 3 we prove the
following result.
THEOREM 1. Let p, q, r, s be integers such that 0 - p - q and 0 F p q
r - q q s, and define, for positi¨ e real n,
F n s F n s H qn q s y H pn q r .  .  .  .p , q ; r , s
s c qn q s q 1 y c pn q r q 1 . .  .
Put
r y s ps y qr
k s , l s .
q y p q y p
 .If l F 1r2, then the function F n is increasing for all n G 1.
 .If l G 1, then F n is decreasing for all n G 1.
 .If 1r2 - l - 1, then F n is unimodal, i.e., it increases to a maximum,
 .at some point n , and thereafter decreases; thus, F n is decreasing for all0
n G 1 if and only if n F 1.0
The above result solves the problem of determining bounds for
 .the function F n when l F 1r2 or l G 1. Under these conditions
 .  .  .  .F n clearly lies between F 1 and lim F n s log qrp . However,nª`
 .for the remaining case, 1r2 - l - 1, the bounds are F n and0
  .  .4min F 1 , log qrp , so it is necessary to determine the value of n .0
Putting a s 1 y l and k s prq, so that 0 - a - 1r2 and 0 - k - 1,
 .formula 1 becomes
1 dF
s c 9 x q a y kc 9 kx q a , where x s q n y k . 2 .  .  .  .
q dn
Thus n , the value of n for which dFrdn s 0, is given by n s x rq q k0 0 0
where x s x is the positive root of0
c 9 x q a y kc 9 kx q a s 0. .  .
The value of x can be computed for given a and k, for example, by the0
Newton]Raphson method. On the other hand, using the asymptotic ex-
pansion for c 9, we obtain by reversion of series the formal solution
k q 1 1 11k 2 y 5k q 11
x s y 1 y 2 a .
6k 1 y 2 a 10k k q 1 .
6288k 4 q 51k 2 q 6288 3q 1 y 2 a y ??? . .3350k k q 1 .
We will show that the first term yields an upper bound for x , and hence0
an upper bound for n .0
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 .THEOREM 2. If 1r2 - l - 1 then, for positi¨ e real n, the function F n
has its maximum at n s x rq q k , where x is the unique positi¨ e solution0 0 0
of the equation
c 9 x q a y kc 9 kx q a s 0 .  .
and k s prq, a s 1 y l. Upper bounds for x and n are gi¨ en by0 0
k q 1 p q q
x F , n F q k .0 06k 1 y 2 a 12 pq l y 1r2 .  .
 .Best possible bounds for the function F n are as follows.
 .  .  .If l F 1r2, then F 1 F F n - log qrp for all n G 1.
 .  .  .If l G 1, then log qrp - F n F F 1 for all n G 1.
  .  .4  .  .If 1r2 - l - 1, then min F 1 , log qrp F F n F F n for all n G 1.0
 .Note that in the case 1r2 - l - 1 the bounds for F n , considered as a
function of the positive integer variable n, can be written as




n s q k ,0 12 pq l y 1r2 .
the maximum being taken over integer values of k.
2. SOME PROPERTIES OF THE PSI FUNCTION
In order to establish the above results we require certain facts about the
psi function. These can be deduced from the known asymptotic expansions
for c and its derivatives.
PROPOSITION 1. The function
c 9 x .
q x
c 0 x .
increases from 0 to 1r2 as x increases from 0 to `.
 .  .Proof. In order to prove that the derivative of c 9 x rc 0 x q x is
positive we will show that
2w x ' c 9 x c - x y 2 c 0 x - 0 x ) 0 . .  .  .  .  .
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From the functional equation
1
c x q 1 s c x q .  .
x
 w x.cf. 1, 6.3.5, p. 258 , it follows by differentiation that
1
c 9 x s c 9 x q 1 q , .  . 2x
2
c 0 x s c 0 x q 1 y , .  . 3x
6
c - x s c - x q 1 q . .  . 4x
Also we have the asymptotic expansions
1 1 1 u 9
c 9 z s q q q 0 F u 9 F 1 , .  .2 3 5z 2 z 6 z 30 z
1 1 1 1 u 0
c 0 z s y y y q y 0 F u 0 F 1 , .  .2 3 4 6 8z z 2 z 6 z 6 z
2 3 2 u -
c - z s q q y 0 F u - F 1 , .  .3 4 5 7z z z z
 w x.  .valid for z ) 0 cf. 4, pp. 253]256 and 346 . We deduce that w x is less
than
1 1 1 1
q q q2 3 2 /x q 1 x2 x q 1 6 x q 1 .  .
2 3 2 6
= q q q3 4 5 4 /xx q 1 x q 1 x q 1 .  .  .
21 1 1 1 2
y2 y y y q y2 3 4 6 3 /xx q 1 x q 1 2 x q 1 6 x q 1 .  .  .  .
P x .
s y ,12618 x x q 1 .
where
P x s 3 x12 q 45x11 q 297x10 q 1266 x9 q 3855x8 q 8475x7 q 13366 x6 .
q15012 x 5 q 11844 x 4 q 6366 x 3 q 2196 x 2 q 432 x q 36 ) 0.
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 .Thus w x - 0 for all x ) 0. As regards the limits for x ª 0 and x ª `,
we have
c 9 x c 9 x q 1 q 1rx 2 .  .
lim q x s lim q x s 0,3 /  /c 0 x c 0 x q 1 y 2rxxª0 xª0 .  .
c 9 x 1rx q 1r 2 x 2 1 .  .
lim q x s lim q x s .2 3 /  /c 0 x 2y1rx y 1rxxª` xª` .
This completes the proof.
 .The proof of Theorem 2 requires a further result. We denote by g xr
the sum of the first r non-zero terms of the asymptotic expansion for
 .c 9 x . Thus
1 1 1 1 1
g x s q ; g x s q q ; .  .2 32 2 3x x2 x 2 x 6 x
1 1 1 1
g x s q q y . .4 2 3 5x 2 x 6 x 30 x
 .  .  .  .PROPOSITION 2. The functions g x rc 9 x and g x rc 9 x are in-2 4
creasing for x ) 0.
 .  .Proof. The derivative of g x rc 9 x has the same sign as2
1
X Xc 9 x g x y c 0 x g x s q c 9 x q 1 g x .  .  .  .  .  .2 2 22 /x
2
q y c 0 x q 1 g x . .  .23 /x
 . X  .Because g x ) 0 and g x - 0 when x ) 0, the right side is greater2 2
than
1 1 1 1
Xq q q g x .22 2 3 /x q 1x  . 2 x q 1 6 x q 1 .  .
2 1 1 1 1
q q q q y g x .23 2 3 4 6 /x x q 1 x q 1 2 x q 1 6 x q 1 .  .  .  .
12 q 52 x q 84 x 2 q 64 x 3 q 25x 4 q 4 x 5
s ) 0.6412 x x q 1 .
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 . X  .The functions g x and g x are not of constant sign. However, the4 4
 .  .  . X  .  .  .derivative of g x rc 9 x has the same sign as c 9 x g x y c 0 x g x ,4 4 4
which can be written as
1 1
Xq c 9 x q 1 g x q .  .32 6 /  /x 6 x
2 1
q y c 0 x q 1 g x y . .  .33 5 /  /x 30 x
 . X  .Since g x ) 0 and g x - 0 when x ) 0, the latter expression is greater3 3
than
1 1 1 1
q q q2 2 3 x q 1x  . 2 x q 1 6 x q 1 .  .
1 1
Xy q g x .35 7 /30 x q 1 42 x q 1 .  .
1 1 1 1 1 1
q q q q y2 2 3 5 6 /x q 1x 6 x . 2 x q 1 6 x q 1 30 x q 1 .  .  .
2 1 1 1 1
q q q q y3 2 3 4 6 x x q 1 x q 1 2 x q 1 6 x q 1 .  .  .  .
1 3
q y g x .38 10 /6 x q 1 10 x q 1 .  .
2 1 1 1
y q q q3 2 3 4 x x q 1 x q 1 2 x q 1 .  .  .
1 1 1
y q6 8 5/ 30 x6 x q 1 6 x q 1 .  .
Q x .
s ,1081260 x x q 1 .
where
Q x s 180 x9 q 1875x8 q 8492 x7 q 21584 x6 q 30998 x 5 q 27649 x 4 .
q15855x 3 q 5803 x 2 q 1260 x q 126 ) 0.
This completes the proof. We note that it may be shown in similar fashion
 .  .that g x rc 9 x is decreasing for x ) 0.3
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3. PROOF OF THE MAIN RESULTS
In order to prove Theorem 1, we suppose first that l F 1r2 or l G 1.
 .From 1 we see that
dF d
) 0 for all n G 1 if u q l c 9 u q 1 ) 0 for all u G p q r , 4 .  .
dn du
dF d
- 0 for all n G 1 if u q l c 9 u q 1 - 0 for all u G p q r . 4 .  .
dn du
 . .Since p q r G 0 by hypothesis, it suffices to prove that drdu u q l ?
 .4c 9 u q 1 is positive for all u ) 0 if l F 1r2, negative for all u ) 0 if
l G 1. Putting x s u q 1, we see that what is to be proved is that
 .  .  .c 9 x q x q l y 1 c 0 x is positive for all x ) 1 when l F 1r2, nega-
 .  wtive for all x ) 1 when l G 1. Because c 0 x - 0 for all x ) 0 cf. 1, p.
x.  .  .  .260 , it is clear that c 9 x q x q l y 1 c 0 x decreases as l increases.
 .  .  .  .Hence it is enough to show that U l ' c 9 x q x q l y 1 c 0 x is
positive if l s 1r2, negative if l s 1. However, by Proposition 1 we have
precisely
c 9 x .
1 1U s c 0 x q x y ) 0, . .2 2c 0 x .
c 9 x .
U 1 s c 0 x q x - 0. .  .
c 0 x .
Now suppose that 1r2 - l - 1, i.e., 0 - a - 1r2. Writing
d c 9 x q a .
xc 9 x q a s c 0 x q a q x q a y a , .  .  .
dx c 0 x q a .
 .we see, again by Proposition 1, that the function xc 9 x q a is unimodal,
 .increasing from zero to a unique maximum, and thereafter decreasing
  .  . .since c 9 x q a ; 1r x q a as x ª `, the limit is unity . We will deduce
from this that the equation dFrdn s 0 has a unique solution.
 .If g x is a unimodal function defined and continuous on the positive
 .real axis and attaining its maximum at x*, while h x is defined by
 .  .  .  .h x s g x y g kx , where k - 1 is a positive constant, then h x has a
 .unique zero. For, if x and kx are less than x* then h x ) 0, while if x
 .  .and kx are greater than x* then h x - 0. Hence h x has a zero, x s x ;0
clearly kx - x* - x . If there were another zero x then we would also0 0 1
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have kx - x* - x . But if for example x - x then1 1 0 1
h x s g x y g kx ) g x y g kx ) g x y g kx s h x , .  .  .  .  .  .  .  .0 0 0 1 0 1 1 1
a contradiction. Thus the zero x is unique. It is clear by continuity that0
 .h x is positive for all x - x and negative for all x ) x .0 0
 .  .Applying the above observation to the function g x s xc 9 x q a , we
 .  .  .see that h x s xc 9 x q a y kxc 9 kx q a has a unique zero x s x on0
 .  .0, ` . Hence, in view of 2 , dFrdn has a unique zero n s x rq q k in0 0
the range n ) k . For n - n , dFrdn ) 0, while for n ) n , dFrdn - 0.0 0
 .Thus F n , viewed as a function of a continuous variable n, is unimodal.
This completes the proof of Theorem 1.
To prove Theorem 2 it suffices to show that
k q 1
x F .0 6k 1 y 2 a .
 . 2We prove this first when 0 - a F 1r6. If g x s 1rx q 1r2 x then, in2
 .  .view of Proposition 2, g x rc 9 x is increasing for x ) 0. Hence2
g x q a c 9 x q a .  .2
) x ) 0 . .
g kx q a c 9 kx q a .  .2
 .  .  .  .It follows that if g x q a y kg kx q a - 0, i.e., g x q a rg kx q a2 2 2 2
 .  .  .  .- k, then c 9 x q a rc 9 kx q a - k, so that c 9 x q a y kc 9 kx q a
 .  .- 0. Thus if j is such that g x q a y kg kx q a - 0 for all x ) j ,0 2 2 0
then j provides an upper bound for x . Now0 0
1 y k N x .  .
g x q a y kg kx q a s y , .  .2 2 2 22 x q a kx q a .  .
where
N x s k 1 y 2 a x 2 y 2 a2 1 q k x y a2 1 q 2 a . .  .  .  .
We have
1 1kN x s kx 1 y 2 a y k q 1 a a q kx q a k q 1 .  .  .  . .2 2
21 2q 1 y k 2 a q 1 a , .  .4
 .so N x ) 0 for
k q 1 a a q 1r2 .  .
x ) .
k 1 y 2 a .
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This provides us with an upper bound for x . This upper bound is clearly0
 . . .y1  .less than 1r6 1 q 1rk 1 y 2 a provided a a q 1r2 - 1r6. In par-
ticular this is the case when a F 1r6. Note that a better approximation for
 .  .x could be obtained by solving the quadratic N x s 0 for its unique0
positive root.
We now consider the case a ) 1r6. From Proposition 2 we know that
 .  .g x rc 9 x is increasing for x ) 0. We deduce that an upper bound for4
x is provided by the largest positive root of0
g x q a y kg kx q a s 0. .  .4 4
It is sufficient to show that
1 1 1
G ' yg x q a q kg kx q a ) 0 for all x G 1 q , .  .4 4  /6 k 1 y 2 a
where 0 - k - 1 and 1r6 - a - 1r2. To prove this write
1 1 1 1 1 1 q u
k s , a s q , x s 1 q , /1 q t 6 3 1 q s 6 k 1 y 2 a .
where s, t, u ) 0. Now substitute in G, clear of fractions and expand as a
polynomial in s, t, u. It will be found that only positive terms appear. This
completes the proof of Theorem 2.
4. DERIVATION OF EARLIER RESULTS
w x w x w xThe results of Adamovic and Taskovic 2 , Simic 8 , and Pecaric 7Â Â Â Ï Â
mentioned in the introduction follow readily from Theorem 1. It is clear
 .  .that f n is increasing, because l s 0, while F n is decreasing, because
 .l s 1, so it remains to consider F n .
w x  .  .  .COROLLARY 3 2, 8 . The function F n s H qn q 1 y H pn is in-
creasing if q G 3 p, decreasing if q - 3 p.
Proof. Since F s F , we take r s 0 and s s 1. Thus l s pr q yp, q; 0, 1
.p . The cases l F 1r2 and l G 1 correspond to q G 3 p and q F 2 p,
respectively. This leaves the case 1r2 - l - 1, i.e., 2 p - q - 3 p. Since
 .3 p y q G 1 and k s y1r q y p - 0, we have, by Theorem 2,
q2 y p2 q2 y p2 q 1
n F n s q k - - - ,0 0 6 pq 3 p y q 6 pq 6 p 2 .
 .so F n is decreasing for all n G 1.
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w xThe conjecture of Simic 8 mentioned in the introduction asserts that ifÂ
 .0 F r F s then F n is decreasing for l F 1r2, increasing otherwise. It is
 . w x  .clear that F n is ultimately monotonic, as proved in 8 . However, F n is
not always monotonic for n G 1. If 1r2 - l - 1 then the turning point n0
can be arbitrarily large. In fact, it is easily shown that if p s 1, q s 2k,
 .  .r s 0, s s k, so that l s kr 2k y 1 , then n lies between k y 2 r3 and0
 .  .k y 1 r3. Of course, for given p, q, r, s such that l g 1r2, 1 , one can
test readily enough whether F is decreasing for all n G 1 by checking
 .  .  .whether F 1 ) F 2 using the asymptotic expansion for c .
The above proof of Corollary 3 is analytic; the proof by Simic also usesÂ
analytic means to some extent integration and the properties of the
.logarithm . It is quite natural however to ask for an elementary proof. We
now give such a proof, independent of the foregoing. Since the method to
 .be employed applies uniformly, we will determine the behaviour of F n in
all cases, including those already treated from an elementary standpoint
w xin 2 .
 .We put p s b, q s a q b a, b ) 0 , so that
anq1 1
F n s . .  bn q iis1
 .It is to be proved that F n is increasing if a G 2b, decreasing if a - 2b.
Letting
anqkq1 1
f k s , .  an q k q iris1
where r s arb, we see that
F n s rf 0 , F n q 1 s rf a . .  .  .  .
 .The result will be established if we can show that f k is increasing for
k s 0, 1, . . . , a when a G 2b, decreasing otherwise.
 .  .Suppose 1 F k F a. Putting t s an q k, D s f k y f k y 1 , we have
tq1 t1 1
D s y t q ir t q ir y 1is1 is1
t1 1
s y .t q tr q r t q ir t q ir y 1 .  .is1
 .  2 2 .Let y s t q ir y 1r2 i s 1, . . . , t . If Y ) y ) 0 then Y y x ri
 2 2 .  .y y x is an increasing function of x for 0 - x - y . Taking Y s y ,t
y s y we see that if r G 1 theni




D s y  2t q tr q r y y 1r4iis1
2 2 t1 y y 1r4 r 1 .tG y 2 2 2t q tr q r y y 1r4 y y 1r4 r .t iis1
2 2 t1 y y 1r4 r 1 .ts y ,2t q tr q r a q ir a q i q 1 ry y 1r4  .  . .t is1
 .where a s t y 1r2 y 1r2 r. The sum evaluates to
t
,
a q r a q t q 1 r .  . .
so on rearranging we obtain
t r q 1 r y 2 q 1 .  .
D G . 4 .
2 t q r y 1 t q tr y 1 t q tr q r .  .  .
 .Hence D ) 0 if r G 2. When r F 1, inequality 3 is reversed and the
 .numerator of 4 is negative, and so we obtain in this case D - 0. Thus
 .F n is increasing when a G 2b, decreasing when a F b.
 .It remains to show that F n is decreasing when b - a - 2b, i.e., when
1 - r - 2. If r G 1 then
y2 y 1r4 y2 y 1r4 r 2 .1 1G i s 1, . . . , t . .2 2 2y y 1r4 y y 1r4 r .i i
Hence
2 2 t1 y y 1r4 r 1 .1
D F y 2 2 2t q tr q r y y 1r4 y y 1r4 r .1 iis1
22 3 2r q 1 r y 2 t q 2 r y r y 4r q 1 t q r r y 1 .  .  . .
s .
2 t q 2 tr q r y 1 t q r t q r y 1 t q tr q r .  .  .  .
 .The numerator q t is a quadratic in t, with negative leading coefficient.
Since a - 2b and a, b are integers, we have a q 1 F 2b, from which it
 . .  .follows that a q 1 2b y a s 2b q a 2b y a y 1 G 2b, and thus t G
 .  .  .  .a q 1 G 2br 2b y a s 2r 2 y r . It is easily checked that q t and q9 t
 .  .  .are negative for t s 2r 2 y r and hence q t - 0 for all t G 2r 2 y r .
Thus D - 0 as required.
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